Dielectric-elastomer minimum-energy structures (DEMES) are pre-stretched dielectric elastomer membranes 1,2 adhered to thin flexible frames. 3, 4 The strain energy of the pre-stretched membrane is transferred to the frame and deforms the system until a strain-energy balance is obtained. The shape of the system thus reflects a local or a global minimum energy state 3, 4 that can be varied by applying a voltage. Although DEMES are similar to structures formed by soap films 3 and have stimulated interest throughout disciplines, such as robotics, 4 bioengineering, 5 as well as architecture, 6 they have not yet been investigated using numerical formfinding techniques. Form-finding describes the process of finding a stable equilibrium shape for a system under a specific set of loading, for a set of boundary conditions starting from an arbitrary initial geometry. Here, we show by numerical modeling and experiment that dynamic relaxation (DR), an established form-finding technique extensively employed by architects and structural engineers, 7-11 efficiently simulates realistic DEMES shapes.
In the DR process, a system is modeled as a mesh of links connected with nodes that have masses assigned. Loads are applied to the nodes, while pre-stress is applied in the system through setting an initial link length. The method explores the fact that the static solution for a system subject to loading can be viewed as the equilibrium state of a series of damped vibrations. 12 The governing equation for dynamic relaxation is
where F ext and F int are the external and internal forces at each node, respectively, M corresponds to the nodal mass and D corresponds to damping. Both mass M and damping D are fictitious parameters optimized for the stability and convergence of the method. 13 _ v and v are the acceleration and the velocity at each node, respectively. In this study, kinetic damping is employed to reach static equilibrium as it decreases computational time and improves convergence. 14 The motion of the system is traced and when a local peak in the total kinetic energy of the system is detected, all velocity components are set to zero. Hence, the damping term Dv in Eq. (1) is abandoned. Expressing the acceleration in finite difference form gives the velocity and the updated geometry for each node
where v tþDt/2 and v tÀDt/2 are the nodal velocities at times t þ Dt/2 and t À Dt/2, respectively. x tþDt is the nodal position at time t þ Dt and Dt is the time step applied. The new geometry now obtained allows an update of the internal forces F int . Convergence (equilibrium) is reached when the term F ext À F int is sufficiently small. DEMES are bending-active systems: their shape is determined by the equilibrium between the pre-stretched membrane and the bending of the initially straight frame. We therefore enhanced the established DR method with clustered and bending elements. Clustered elements are continuous tensile elements that run over frictionless pulleys. 15, 16 All links in a clustered element carry the same tensile force. Nodes in clustered elements have fewer kinematic constraints than nodes connected with traditional tensile elements. Bending elements are also composed by a series of links. Moments on the nodes of bending elements are estimated by finite difference modeling of a continuous beam 17, 18 and decomposed into shear forces that are added to the existing nodal forces (Eq. (1)).
Here, we analyze a basic DEMES with a rounded triangular shape ( Figure 1 ) and a geometry also studied by O'Brien et al. 19 The input for the numerical model includes nodal coordinates and connectivity as well as element characteristics. The values of element characteristics used in the numerical model are given in Table I . Nodes at the base of the system are pinned. Clustered elements are used to model the membrane while bending elements are employed for the frame. Equilibrium shapes are obtained by pre-stretching the clustered elements. To initiate shape changes in the numerical model, its apex is given a small initial deformation. The values of element characteristics used in the numerical model are given in Table I . Figure 2 shows a series of equilibrium shapes obtained when the pre-stretch in the clustered elements is varied.
We made physical models from frames of a 0.127 mm thick acrylonitrile butadiene styrene (ABS) plastic and a dielectric elastomer made of an h ¼ 0.05 mm thick 3 M VHB 4905 acrylic adhesive film. The sides of the frame are 52 mm long and 4 mm wide. The side at the base is wider for taping the system to a support plate (Figure 3) . The film of Figure 3 was pre-stretched isotropically to 200% of its initial length before it was adhered to the frame. Not shown in Figure 3 are the conducting carbon grease electrodes that were spread over both faces of the elastomer. The completed system is voltage-actuated from an EMCO ultra-miniature DC to HV DC converter. The shape of the physical model of Figure 3 reflects the initial balance between the pre-stretched membrane and the inextensible frame. When voltage is applied the membrane expands, and a sufficiently high voltage makes the whole system flat. Figure 3 shows the shape of a physical model and the equilibrium shape obtained with the dynamic relaxation DEMES model. The shape of the DR model results from the application of pre-stretch in clustered elements of a flat system ( Figure 1 ) and is similar to the shape of the physical model. However, the equilibrium shape of the physical model and the numerical model ( Figure 3 ) correspond to different pre-stretch states. The membrane in the physical model was pre-stretched at 200% of its initial length, while in the numerical model a similar shape is obtained at 150%. This discrepancy is most likely due to inaccuracies in the physical properties employed in the numerical model. 20 Another source of discrepancy is hysteresis in the physical DEMES system, 21 which is not accounted for in the numerical model. Figure 4 shows the stroke (bending angle at a voltage V minus the bending angle at V ¼ 0) in function of applied voltage V for three different DEMES physical samples. Note that at V ¼ 0 the system is bent the most. Increasing V compresses the membrane and thereby increases the stroke. The curves differ slightly because of irregularities in fabrication. All three samples show substantial change of shape at V ffi 1 kV and become flat at V ffi 2.25 kV.
To obtain a better understanding of the DEMES equilibrium states, we calculated the energies for the physical and the DR (numerical) model. The energy in the physical model is calculated as the energy of a charged capacitor 
We use average values of the voltage V, A is the area of the membrane, and C is its capacitance per unit area (with the thickness h of the membrane in its stretched state) and the dielectric constant is 4.65. 2, 20 In the dynamic relaxation model, the energy E DR ¼ P ðNeL=2Þ þ P ðM 2 L=2EIÞ corresponds to the sum of strain energies in the clustered and bending elements for each bending state, where N and M are the axial force and the bending moment, respectively. L is the length of an element, E is its elastic modulus, and I is the second moment of area. e is the axial strain. Figure 5 relates E cap and E DR to the stroke. The numerical model requires more energy for actuation than the physical model. The difference may be due to fabrication tolerances and uncertainties in material properties (assumptions made for the energy estimations such as the value taken for the dielectric constant 2, 20 ). In both the numerical and the physical models, the elastomer dominates energy storage at low strokes. The large discrepancy at high strokes most likely results from the different geometries of the frame in the two models. While in the numerical model the frame suddenly begins to dominate energy storage, in the physical model the frame takes over gradually. Both the physical and the numerical models begin to rise rapidly at stroke values of 140 and 120 , respectively. At this rise, the system reaches a physical boundary: its maximum bent configuration, where further pre-stretching of the membrane has a small or no effect on the frame.
We conclude that the dynamic relaxation technique originally developed for structural form-finding can predict realistic equilibrium shapes and elastic energies of future DEMES applications 22 at much lower computational cost than existing numerical models. 23, 24 These models come with high computational cost because of complex analytical and strain-energy formulations in finite element methods. 19, 25, 26 Our DR algorithm for the design of shape-shifting DEMES applications enables the efficient exploration of large design spaces. To validate the method, we studied a specific DEMES system numerically and experimentally. DR is found to correctly predict the DEMES equilibrium shape within a margin given by experimental inaccuracies, without the computational cost of currently available methods.
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